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Dynamical mass generation in 2+1-dimensional





The inuence of a magnetic eld on the mass generation in 2+1 dimensional QED is
considered.It is shown that the magnetic eld is a catalyst of the generation of a fermion
dynamical mass. The mass arises in the system with arbitrary number of fermions, not
only with N  4, as it is in the system without the magnetic eld. The polarization
tensor is calculated for a constant magnetic eld.
1
Introduction.
It was shown in [1-4] that a constant magnetic eld is a strong catalyst of dynamical
mass generation and avor symmetry breaking because of the interaction between
fermions. This eect is due to the dimensional reduction (D! D  2) in dynamics of
pairing of fermions in a magnetic eld. It is connected with restricton of the motion
of charged particles in directions that are perpendicular to the magnetic eld. The
phenomenon of the catalysis was illustrated by the Nambu{Jona{Lasinio model (NJL)
in 2+1 and 3+1 dimentions, quantum electrodynamics (QED) in 3+1 dimensions. The
crucial role of the lowest Landau level (LLL) in catalyzing the spontaneous symmetry
breaking was emphasized. The role of the LLL in the eect of dynamical symmetry
breaking is similar to the role of the Fermi surface in the BCS theory.
Here we investigate eect of the dynamical mass generation in 2+1 electrodynam-
ics (QED
3
) in an external magnetic eld. There are N avors in the system, initial
lagrangian is massless. This model is interesting from two points of view. At rst,
QED
3
can serve as an eective theory for the discription of longvawe excitations in
planar systems in the condensed matter theories [7]. QED
3
also has properties remi-
niscent of QCD and other four- dimensional gauge theories [5, 6]. The investigation of
the Schwinger- Dyson equation for the fermion self energy in 1=N expansion without
magnetic eld indicates that there exists critical number of fermions (N
c
' 3 4) [5],
the chiral symetry is broken for N < N
c
. In such a way QED
3
has two phases (massive
and massless) depending on parameters of the theory, as it was in NJL and QED
4
(in
ladder approximation). But in contrast to QED
4
polarization eects must be taken
into acccount to obtain the chiral phase transition. With turning on a strong magnetic
eld in QED
3
the dimensional reduction occurs and dynamical mass of fermions is
generated for arbitrary number of avors.
This article contains three sections and appendix: in the rst section the dimen-
sional reduction of the space is considered with help of the Schwinger- Dyson equation,
in the second section the eects that are connected with vacuum polarization are under
consideration, in the third section the expression for a mass of fermions is obtained.
The polarization tensor for the QED
3
in the constant external magnetic eld is obtained
in appendix.
1.The Schwinger-Dyson equation for the system with a magnetic eld.
In the presence of a magnetic eld the infrared region is responsible for the mass gen-
eration. This justies using the ladder approximation because the full vertex  

is re-
placed by its infrared asymptotics 

(Dirac matrices). Let us consider the Schwinger{
Dyson (SD) equation in the improved ladder approximation (the vacuum polarization
is taken into account).

































(y)j 0i is the full photon propagator, S is the free fermion propagator.




























S will be written down further. The full electron propagator can
be represented as follows:













In terms of r = x  y; R =
x+y
2
































































































































). Schwinger found the exact expression for the free electron propa-






















































































































































ejBj is a magnetic length (let us take B > 0). The main contribution comes
from the LLL. And this leads to the dimensional reduction. It is natural to search the












































































Let us consider the matrix structure of the full electron propagator. We can write
the SD equation in two equvalent forms:










































= P   ; P
2
= P; (11)







a ? b ?
? ? ? ?
c ? d ?












a 0 b 0
0 0 0 0
c 0 d 0












In such a way a strong magnetic eld restricts matrix structure of the full electron
propagator to G 2 GL(2; C). Hence the equation for the full electron propagator
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This equation has the one-dimensional form what justies the term 'dimensional re-






















































































Where A;B are functions of one variable p
0
. Transforming this into the Euclidean
region (p
0

















































2.The vacuum polarization in QED
3
in an external magnetic eld.
Let us investigate the inuence of the strong magnetic eld on the vacuum polar-






















is the full vertex, G is the full electron propagator. Since in the strong






































= 0, which is a consequence of
the gauge invariance, 

(k) = 0. Thus the LLL does not contribute to the polarization
tensor. It means that photons become almost free in very strong magnetic eld. The





The suppression of the vacuum polarization is connected with absence of the lon-
gitudinal (with respect to the magnetic eld) components of the polarization tensor in
QED
3
. In general it takes the form (restrictions are put on by the gauge invariance

























































































The last term in (23), which grows with the increase of the eld in four{dimensional
case [1], vanishes in QED
3
. Thus, the contribution of the vacuum polarization to the




eB. Further it will be taken into



























3.The dynamical mass of fermions in the strong magnetic eld.
Let us analyse equations (18,19). It is convinient to rewrite them in the dimension-
less form:





































































Further it will be shown that only infrared region is responsible for the mass generation,
therefore we need to know only infrared behavior of the U . The rst term in (28) has
the logarithmic singularity near s = 0. The second term is connected with a gauge and
6
is nonsingular, therefore its contribution is small. This fact reects approximate gauge
invariance of the ladder approximation. Further only singular term will be considered:
U(s)   ln(s). Let us suppose that B(p
2





the nite value A
1
when p B(0). Let us nd A
1
. If we dierentiate (26) and omit
derivative of A at sM(0), we obtain:



























U(t) = 0: (29)
And so A
1
















which works well both for p  B(0) and for p < B(0). Then after dierentiating the
expression in (26) at t = 0 we get:
























We used infrared asymptotics of U and the fact that (30) behaves as -function. Let us
nd M(0), it denes a fermion dynamical mass. At rst let us prove that a dynamical
mass is generated for arbitrary e
2
; N , if `m
dyn












can be reduced to the Shrodinger equation as a result of transformation:






















	+ (E   V )	 = 0 ; E =  M
2
(0): (34)
Using the rst (singular) term in (28), we obtain



































Therefore the potential is longrange. With the help of variational method,
1
it is easy
to show that equation (34) has eigenvalues in discrete spectrum if U(s) > 0 when
s! 0. In our case it means that mass is generated for arbitrary e
2
; N if `m
dyn
 1.












Because of M(0)  1 and the expression to be integrated is singular near s=0 then
the infrared region gives the main contribution to the integral. Therefore we can
replace M(s) in the right-hand side to the M(0). Then M(0)   
0
ln M(0). The























































































When N  1 the condition `m
dyn
 1 is true, i.e. magnetic eld can be turned o
without breaking of the approximation e
2
` 1. It is in agreement with the fact that
without a magnetic eld fermions are massless when N  1.
This solution for m
dyn
is non{analytic by the coupling constant and it can't be
evaluated in the perturbation theory. It is in the full agreement with statements in
[12],[13] about analytic dependence of the ground state energy in the one{dimensional
Shrodinger equation with the long{range potential (V (x)  1=x ; x  1). Non{




) essentially diers QED
3
and 2+1 dimensional NJL
where dependence of the m
dym






; G! 0; (40)
whereN is number of avors, G is a coupling constant in the NJL model. The analytical
dependence of m
dyn
(G) is due to the short{range character of the potential V  (x)
1




in this model. In ref. [13] it is shown that the dependence of the ground state energy






+ (E   V )	 = 0

















<1 ; V (x)  0: (41)
This condition is true for the NJL model and broken for QED
3
Conclusion.
With the help of the SD equation the problem of the dynamical mass generation in
QED
3
in presence of the strong magnetic eld was considered. The main eects that
are due to the magnetic eld are:
1. Fermions become massive for arbitrary number of avors in the system although
without an external eld the mass is generated only for N < N
c
 4:32 This is
connected in its turn with the dimensional reduction (D ! D   2), which takes
place in this problem.
2. In the case of a very strong magnetic eld the vacuum polarization almost does
not contribute to the result. Photons become almost free in strong magnetic eld.
It is connected with absence of the longitudinal (with respect to the magnetic















=8 is responsible for the mass generation.
4. The dependence of them
dyn
on the coupling constant is non{analytical in contrast
to the NJL model.
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Appendix.
The polarization tensor in presence of a constant magnetic eld.
The polarization tensor can be evaluated in the second order of the perturbation























































































































































































































































































































































Both integrals are nite for jBj > 0. Because we need only (48), let us investigate it











































(48) slowly decreases. Because the leading contribution is given
from the infrared region, we can replace (p) to the (0). If there are N avors in the
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